Abstract. We construct a combinatorial invariant of 3-orbifolds with singular set a link that generalizes the Turaev torsion invariant of 3-manifolds. We give several gluing formulas from which we derive two consequences. The first is an understanding of how the components of the invariant change when we remove a curve from the singular set. The second is a formula relating the invariant of the 3-orbifold to the Turaev torsion invariant of the underlying 3-manifold in the case when the singular set is a nullhomologous knot.
Introduction
In [9] , [10] , and [11] , Turaev introduced a combinatorial invariant of compact, homology oriented 3-manifolds M with b 1 (M ) ≥ 1 that takes the form of a function on the set of Euler structures. In [4] , Meng and Taubes observed that when the 3-manifolds are thought of with their smooth structures, a component of Turaev's torsion invariant, the Milnor torsion invariant, can be realized as a version of the Seiberg-Witten invariant, a function on the set of Spin c structures. Building on their ideas, Turaev showed in [13] that after an identification of Euler and Spin c structures, the Turaev torsion and Seiberg-Witten invariants are in fact equivalent (up to sign). Separately, in [2] Baldridge extended the Seiberg-Witten invariant to compact, homology oriented smooth 3-orbifolds Y with b 1 (|Y |) ≥ 1 and singular set a link. Here |Y | is the underlying 3-manifold of Y . Later in [3] , Chen showed that the orbifold Seiberg-Witten invariant of Y can always be recovered from the Seiberg-Witten invariant of |Y |, after an identification of the orbifold Spin c structures on Y with the Spin c structures on |Y |.
The goal of this paper is to construct a combinatorial invariant of compact, homology oriented 3-orbifolds with singular set a link that generalizes the Turaev torsion invariant of 3-manifolds and is more sensitive to orbifold structures than Baldridge's orbifold Seiberg-Witten invariant.
The organization of the paper is as follows: In section 2, we review the theory of orbifolds and the definition of the Turaev torsion invariant. In section 3, we extend the notion of Euler structures to 3-orbifolds with singular set a link. See Definition 3.2 and Theorem 3.6. In section 4, we define the orbifold Turaev torsion invariant and show that it is indeed an invariant, namely independent of the choices made. See Definition 4.6 and Theorem 4.2, respectively. In section 5, we give several gluing formulas for the orbifold Turaev torsion invariant, generalizing gluing formulas for the regular Turaev torsion invariant. See Theorem 5.1 and Theorem 5.6. In section 6, we determine how the components of the orbifold Turaev torsion invariant change when we remove a curve from the singular set. See Theorem 6.1. We also give a formula relating the orbifold Turaev torsion invariant to the Turaev torsion invariant of the underlying 3-manifold, in the case when the singular set is a nullhomologous knot. See Theorem 6.3. The formula will suggest that the orbifold Turaev torsion invariant can be used to detect orbifold structures in contrast to the orbifold Seiberg-Witten invariant. advice and for carefully reading an early draft of the paper. A part of this work was funded by a NSF IGERT fellowship under grant number DGE-1068620 and the NSF FRG grant DMS-1065784.
2. Background on 3-orbifolds and Turaev torsion invariants of 3-manifolds 2.1. 3-orbifolds. We review elements of the theory of 3-orbifolds, for details see [1, 7, 8] . A 3-orbifold Y is a Hausdorff, second-countable space |Y | that is locally modeled on quotients of R 3 by finite subgroups G of O(3). Specifically, there is an atlas {U i , φ i }, consisting of connected open sets U i in |Y | and homeomorphisms φ i : R 3 /G i → U i , where G i is a finite subgroup of O(3) that acts continuously and effectively. On each overlap U i ⊂ U j we require a compatibility condition: there is an injective homomorphism f ji : G i → G j and an embedding φ ji : R 3 → R 3 , equivariant with respect to f ji , such that the following diagram commutes:
Here φ ji is the induced map and q is the quotient map. To each y ∈ |Y |, we can associate a group G y , well-defined up to isomorphism: take any chart U ∼ = R 3 /G containing y, each lift y of y gives an isotropy subgroup G y ⊂ G. All of these isotropy subgroups are conjugate, and so G y is defined to be this isomorphism class of groups. The singular set ΣY consists of points y ∈ |Y | with G y = 1. If ΣY = ∅, then Y is an honest 3-manifold. Note that 3-orbifolds with boundary are defined in a similar manner. A map between 3-orbifolds Y 1 and Y 2 is a map between the underlying spaces |Y 1 | and |Y 2 | that takes charts U 1 ∼ = R 3 /G 1 into charts U 2 ∼ = R 3 /G 2 , and each restriction U 1 → U 2 lifts to a map R 3 → R 3 that is equivariant with respect to some homomorphism
An orbifold covering of Y is a 3-orbifold Y ′ with a projection map p : |Y ′ | → |Y | between the underlying spaces, so that each chart neighborhood U ∼ = R 3 /G for Y pulls back to a disjoint union of chart neighborhoods for Y ′ , each of the form R 3 /H, where H is a subgroup of G, and the chart homeomorphisms, together with p, fit inside a certain commutative diagram. In general, p : |Y ′ | → |Y | is not a covering map. As in the regular theory, the deck group of an orbifold covering p : |Y ′ | → |Y | consists of orbifold maps Y ′ → Y ′ that respect p. Furthermore, given any 3-orbifold Y , we have the notion of an orbifold universal cover Y : an orbifold covering that orbifold-covers all other orbifold coverings. π orb 1 (Y ) is defined to be the deck group of Y and H orb 1 (Y ) is defined to be the abelianization of π orb 1 (Y ). In this paper, the 3-orbifolds Y are compact, connected, and oriented with singular set ΣY an oriented link L 1 ∪ . . . ∪ L k and boundary ∂Y = ∅ or a union of tori. Centered around each L i is a neighborhood of the form (S 1 × D 2 )/Z α i , where Z α i acts by rotations about the core. Let E denote the complement of the interiors of these neighborhoods. Then
k , where µ i is the meridian of L i oriented so that its linking number with L i is 1. We will be interested in the orbifold cover Y of Y with deck group H orb 1 (Y ). It can be constructed in the following way: start with the regular cover E of E with deck group H orb 1 (Y ). Then canonically extend ∂E to Example 2.1. Let Σ n (K) be the n-fold cyclic branched cover of S 3 branched along K. Then there is a natural action of Z n on Σ n (K), and the quotient space can be thought of as the 3-orbifold (S 3 , K, n), where the underlying space is S 3 , the singular set is K, and for any point y on K G y ∼ = Z n . Furthermore, H orb 1 (S 3 , K, n) ∼ = Z n and Σ n (K) is the orbifold cover of (S 3 , K, n) with deck group H orb 1 (S 3 , K, n). In the notation above, (S 3 , K, n) = Σ n (K). Note that (S 3 , K, n) is an honest 3-manifold.
Here Y is also an honest 3-manifold. Example 2.3. Let Y be the 3-orbifold (S 2 , 2, 3, 5) × S 1 , where (S 2 , 2, 3, 5) is the 2-orbifold with three singular points of multiplicities 2, 3, and 5. Then H orb 1 (Y ) ∼ = Z and Y is the 3-orbifold (S 2 , 2, 3, 5) × R.
Turaev torsion invariants of 3-manifolds.
We start by recalling the torsion of a chain complex. For details, see [6, 10, 14, 15] .
be a chain complex of finite-dimensional vector spaces C i over a field F . Suppose C and H(C) are based: for each i we have an ordered basis c i for C i and an ordered basis h i for H i (C). Let h i be a representative for h i . Note h i is an ordered basis for Ker(∂ i−1 : 
Remark 2.5. τ (C) depends on the given bases for C and H(C), but not on the choices of b i and h i . If C is acyclic, then each H i (C) = 0, and the definition of τ (C) simplifies to
Let M be a compact, connected, orientable 3-manifold with empty or toroidal boundary ∂M and a fixed cell structure. Let M denote the cover of M with deck group H 1 (M ). M inherits a cell structure. Consider the cellular chain complex C( M ) of M with Z coefficients. The free action of H 1 (M ) on the cells in M gives C( M ) the structure of a free 
Now orient and order the cells in M . Pick a lift of the cells in M to M . Each cell in the lift inherits an orientation, and the lift inherits an ordering. Then for every l, the chain complex There are a couple of ways to get around this. The classical approach is to think of τ (M ) as an
is well-defined. With this perspective, Milnor [5] showed that if E denotes the exterior of a knot K in S 3 , then τ (E) is the Alexander polynomial of K, up to a factor. We take the second approach, due to Turaev [10, 11] . Here the ambiguity in τ (M ) is removed by equipping M with a homology orientation and an Euler structure. Definition 2.6. A homology orientation ω on M is an orientation of the R-vector space
Definition 2.7. An Euler structure e on M is a lift of the cells in M to M , considered up to the following equivalence: given lifts {ê i } i∈I and {f i } i∈I in M of the cells {e i } i∈I in M , we say
Remark 2.8. Let Eul(M ) denote the set of Euler structures on M . There is a free and transitive action of
is the Euler structure [{f i } i∈I ] with the property that for all representatives {ê i } i∈I of [{ê i } i∈I ] and {f i } i∈I of [{f i } i∈I ], the product i∈I (f i /ê i ) (−1) dim e i = h. As a result, Eul(M ) can be thought of as a translate of H 1 (M ).
Given a homology orientation ω and an Euler structure e on M , we get a well-defined element τ (M, e, ω) ∈ Q(Z[H 1 (M )]) as follows. As above, orient and order the cells {e i } i∈I in M . For every n ∈ {0, 1, 2, 3}, pick an ordered basis ω n for the R-vector space H n (M, R) so that the sequence {ω n } 3 n=0 realizes the homology orientation ω. Our choices of orientation, order, and ω n 's base and homology base the cellular chain complex C(M, R) of M over R, and allow us to compute the torsion τ (C(M, R)) of C(M, R). Let τ 0 denote the sign of τ (C(M, R)). Now choose a representative {ê i } i∈I of e. Applying the above construction to this choice of orientation, order, and lift {ê i } i∈I gives us the element
Theorem 2.9 ( [10, 11] ). τ (M, e, ω) does not depend on the orientation and order of the cells in M , the sequence {ω n } 3 n=0 of bases realizing ω, or on the representative {ê i } i∈I of e. Remark 2.10. τ (M, e, ω) does depend on e and ω. . As a result, we won't worry about the choice of cell structure.
We will need the following properties of τ .
for every homology orientation ω and Euler structure e. Consequently, we will think of the invariant τ as a map
, then for every ω and e, the image of τ (M, e, ω) under φ is the well-defined element τ 0 · τ φ (M ), computed by picking any representative of e and any sequence {ω n } 3 n=0 of bases realizing ω. We will denote τ 0 · τ φ (M ) by τ φ (M, e, ω). Now suppose M is obtained by gluing a solid torus S 1 × D 2 ⊂ C × C to a compact, connected, orientable 3-manifold E with toroidal boundary. We will need two gluing formulas relating the Turaev torsion invariant τ M of M to the Turaev torsion invariant τ E of E. To state them, we first need to explain how the homology orientations and Euler structures on M are related to those on E:
Let ω be a homology orientation on E. Orient the core circle S 1 × 0 of the solid torus S 1 × D 2 . We get an induced homology orientation ω M on M as follows. First, fix an orientation of 1 × D 2 . This orients the R-vector space
By multiplying the orientation of S 1 × 0 with the orientation of 1 × D 2 , the solid torus S 1 × D 2 inherits an orientation. This orients the R-vector space
, and so we get an orientation
H n (M, E, R); we will think of ω (M,E) as the induced homology orientation on (M, E).
Note that ω (M,E) does not depend the choice of orientation for 1 × D 2 . Now consider the long exact sequence H of the pair (M, E). There is a unique homology orientation ω M on M so that the torsion τ (H) of H with respect to bases realizing the homology orientations ω, ω (M,E) , ω M has positive sign. We define the homology orientation ω M on M induced by the homology orientation ω on E to be (−1)
) is needed to ensure certain properties of ω M . For details, see [15, Chapter 5.2] .
We now explain how the Euler structures are related. We assume that the solid torus S 1 × D 2 is equipped with the following (open) cell decomposition: the boundary S 1 × ∂D 2 is given the standard structure consisting of one 0-cell (1, 1), two 1-cells (S 1 − 1) × 1 and 1 × (∂D 2 − 1), and one 2-cell (S 1 − 1) × ∂(D 2 − 1), while the interior is given the cell decomposition consisting of one 0-cell e 0 = (1, 0), two 1-cells
, and one 3-cell e 3 = (
. This induces a cell decomposition of ∂E. Extend this to a cell decomposition of E, giving us a decomposition of M . Let e be an Euler structure on E. Orient the core circle S 1 × 0 of the solid torus S 1 × D 2 . We get an induced Euler structure e M on M as follows. First, from the orientation of S 1 × 0 we get a distinguished element h ∈ H 1 (M ). Next, pick a lift {ê j } ⊂ E representing e. By covering space theory, we can always find a projection of E to M that is a lift of the inclusion E ֒→ M and is equivariant with respect to the induced homomorphism H 1 (E) → H 1 (M ). Fix one of them. Then we can think of {ê j } as a lift of the cells in E ⊂ M to M : over each cell in E ⊂ M lies exactly one cell in {ê j } ⊂ M . Now lift the cells e 0 , . . . , e 3 in the interior of
modulo a 1-cell lying over S 1 × ∂D 2 , and ∂(ê 3 ) = ±(h − 1)ê 2 2 modulo a 2-cell lying over S 1 × ∂D 2 . We set e M to be the well-defined Euler structure represented by this family {ê j } ∪ {ê 0 , . . . ,ê 3 } of lifts in M .
Remark 2.14. Our choice of cell structure on S 1 × D 2 differs from the one in [15] : the core circle S 1 × 0 now forms a subcomplex. We will need this later.
The gluing formulas that we will need are as follows: 
, with τ 0 defined as before. Also, we lose nothing by assuming
Remark 2.18. Despite a different choice of cell structure on S 1 × D 2 , Theorem 2.15 can be proved as in [15] .
Orbifold Euler Structures
In this section we extend the notion of Euler structures to orbifolds. We define orbifold Euler structures on Y in the following way. Instead of considering all possible lifts, as in the regular case, we restrict our attention to lifts that form a certain configuration over each singular curve. To formulate this precisely, first let h 1 , . . . , h k denote the homology classes in
wheref j /ê j is the unique element in H orb 1 (Y ) that takesê j tof j . Setê ∼f whenf /ê = 1. It is not hard to see that this gives an equivalence relation on the set of all such lifts.
Remark 3.1. We omit the product 
Proof. | Y | can be thought of as the regular cover |Y | of |Y | with deck group
As a result, we can identify Eul(Y ) with the set S ′ of lifts to |Y | of the cells in |Y | that form a certain configuration over each singular curve modulo Relation 1 above. Let S denote the set of all lifts to |Y | of the cells in |Y |. Let I : S ′ → S be the inclusion. We claim that I induces a well-defined function I :
{f 0 i ,f 1 i } be lifts representing the same orbifold Euler structure on
are well-defined for every i. As noted above, the definition of the configuration guarantees that (
It is not hard to check that I is equivariant with respect to the free and transitive H orb 1 (Y ) and H 1 (|Y |) actions, hence I is a bijection.
Orbifold Turaev torsion invariants
In this section we extend the notion of Turaev torsion to orbifolds. As in Section 3, Y denotes a compact, connected 3-orbifold with
Let e be an orbifold Euler structure on Y , and let ω be a homology orientation on |Y |. Our definition of τ (Y, e, ω) follows the regular construction with one difference: we have to be careful about how we order the cells in |Y |. 
Now order and orient the cells in |Y |. Then pick a lift in | Y | that represents the orbifold Euler structure e. Each cell in the lift inherits an orientation, and cells of the same dimension inherit an ordering. Then for every l, the F l -chain complex C φ l (| Y |) is based. For every n ∈ {0, 1, 2, 3} pick an ordered basis ω n for the R-vector space H n (|Y |, R) so that the sequence {ω n } 3 n=0 realizes the homology orientation ω. Our choices of orientation, order, and ω n 's base and homology base the cellular chain complex C(|Y |, R) of |Y | over R, and allow us to compute the torsion 
Proof. The argument for α ∈ {2, 3} is similar to the one in the regular case because ΣY doesn't contain any 2-cells or 3-cells. Let α ∈ {0, 1}. Given Observation 4.1, it is clear {ê s ⊗1,ê α i ⊗1} s∈Sα,i∈I ′ generate C φ l α (| Y |), so we will focus on linear independence. Suppose
We need to show q s 0 , q i 0 = 0. We show it for q s 0 , and the other case is similar. Let
and so ψ s 0 extends to a 
be representatives of e. Let {ê s } s∈Sα denote the set of α-cells in {ê j } j∈J , and let {f s } s∈Sα denote the set of α-cells in {f j } j∈J . From Lemma 4.5, we have thatê
, 1}, and that e α ⊗ 1 = {ê s ⊗ 1} s∈Sα andf α ⊗ 1 = {f s ⊗ 1} s∈Sα are bases for C φ l α (| Y |) when α ∈ {2, 3}. When α ∈ {2, 3}, the matrix that takesê α ⊗ 1 tof α ⊗ 1 is diagonal with determinant
Recall thatf s /ê s is the unique element in H orb 1 (Y ) that takesê s tof s . When α ∈ {0, 1}, the matrix that takesê α ⊗ 1 tof α ⊗ 1 is diagonal with determinant
Note that φ l (f α i /ê α i ) is well-defined, even thoughf α i /ê α i is only defined up to powers of µ i . Then
Becauseê andf are in the same equivalence class,
of our choice of configuration over each singular curve, 
Orbifold Gluing formulas
In this section, we give several gluing formulas for orbifold Turaev torsion. 
Proof of Theorem 5.1. We mimic the argument in the regular case. First endow |Y | with a cell structure that restricts to the preferred cell structure near ΣY . Then order the cells in |Y |. We assume that the one and two cells in the interior of (S 1 × D 2 )/Z α satisfy the following:
We will need this for later computations. Next orient the cells in |Y | as follows. As before, give each 1-cell in ΣY the orientation of the curve that contains it. In particular, the 1-cell e 1 2 inherits the orientation of S 1 × 0. Orient e 2 1 so that ∂(e 2 1 ) = e 1 2 modulo the 1-cell in
We give e 2 2 the induced orientation, using the outward last convention for the normal vector. In turn this induces an orientation of the 3-cell e 3 = ( 
and
, with boundary maps given by
Note that
and that {e 2 2 , e 3 } is an ordered basis for As a result,
Now choose a lift {ê j } in | E| representing e. By fixing a projection of | E| to | Y |, we can think of it as a lift in | Y | of the cells in |E| ⊂ |Y |. Lift the cells e 0 , . . . , e 3 in the interior of
modulo a 1-cell lying over S 1 × (∂D 2 /Z α ), and ∂(ê 3 ) = ±(h − 1)ê 2 2 modulo a 2-cell lying over
2 modulo a 2-cell lying over S 1 × (∂D 2 /Z α ), and ∂(ê 2 2 ) = (µ − 1)ê 1 1 modulo a 1-cell lying over S 1 × (∂D 2 /Z α ). Furthermore, {ê j } ∪ {ê 0 , . . . ,ê 3 } inherits an ordering.
Consider the F -chain complexes
, and C ′′ = C/C ′ . The orientation and order of the cells in {ê j } ∪ {ê 0 , . . . ,ê 3 } determine compatibly ordered bases for C ′ , C, and C ′′ .
Lemma 5.4. C ′′ is acylic and τ (C ′′ ) = 1.
with boundary maps given by
Then it is not hard to see that C ′′ is acyclic. By direct computation, τ (C ′′ ) = 1.
Because C ′′ is acyclic, either C ′ and C are acyclic or not. If they're not acyclic, then τ (C ′ ), τ (C) = 0, which implies τ φ Y (Y, e Y , ω |Y | ) = 0 = τ φ (E, e, ω), as needed. Suppose C ′ and C are acyclic. By
where ν(C, C ′ ) is defined as in Equation 2 above. Since τ (C ′′ ) = 1, this simplifies to
Multiplying Equation 4 by Equation 3 gives
It's easy to check that ν(C, C ′ ) = ν(c, c ′ ) ∈ Z 2 . Then Equation 5 becomes
, so this concludes the proof of Case 1. Proof.
, with boundary maps given by:
As in Case 1, we can assume C ′ and C are acyclic. Again by [15, V.1.c],
where ν(C, C ′ ) is defined as above.
Multiplying Equation 6 by Equation 3 gives
Since ν(C, C ′ ) = ν(c, c ′ ), Equation 7 becomes
Case 3: φ Y (µ) = 1 and φ Y (h) = 1.
with boundary maps given by:
We fix the ordered basis in H i (C ′′ ) to be {ê 2 2 ⊗ 1,ê 3 ⊗ 1}. Let τ (C ′′ ) denote the resulting torsion of C ′′ . By direct computation, τ (C ′′ ) = (−1) 1 · 1 = −1.
Using the long exact sequence H for the pair (C, C ′ ), our computation of H i (C ′′ ), and the assumption that C is acyclic, we get that
where δ i is the connecting homomorphism H i+1 (C ′′ ) → H i (C ′ ). We fix the ordered basis in
and denote the resulting torsion of C ′ by τ (C ′ ).
With the above bases, H becomes a based acyclic chain complex. Set
It is not hard to verify that
Multiplying Equation 8 by Equation 3 gives
Since ν(C, C ′ ) = ν(c, c ′ ), Equation 9 becomes
so this concludes the proof of Case 3.
The following gluing formulas generalize Theorem 2.15. 
2 denote the 2-cell in Theorem 5.6 . Analogous to the proof of Theorem 5.1.
Consequences
First we use the gluing formulas to determine how (some of) the components of the orbifold Turaev torsion invariant change when we remove a curve from the singular set. Next we give a formula relating the Turaev torsion invariant of the orbifold to the Turaev torsion invariant of the underlying space, in the case when the singular set is a nullhomologous knot. Proof. Since K is nullhomologous in |Y |, µ has infinite order in H 1 (E) by the half-lives, half-dies principle. Then we get the following short exact sequence:
where e 2 2 is the oriented meridional disk with ∂(e 2 2 ) = µ. Note that δ(e 2 2 ) = µ. Now pick a compact, connected, oriented surface in |Y | bounded by K. This gives a left splitting H 1 (E) → e 2 2 . As a result, the short exact sequence splits, and we get that H 1 (E) ∼ = H 1 (|Y |) ⊕ µ . This implies that H orb 1 (Y ) ∼ = H 1 (E)/ µ α ∼ = H 1 (|Y |) ⊕ ( µ / µ α ). f is equivariant with respect to i, and H 1 (E)/ µ α , H 1 (E)/ µ act freely and transitively on Eul(Y ), Eul(|Y |), respectively.
Remark 6.5. The map g is not injective, but it's not hard to see that in some cases τ (E, e, ω) can be recovered from g(τ (E, e, ω) ). This shows that the orbifold Turaev torsion invariant can be used to detect orbifold structures in contrast to the orbifold Seiberg-Witten invariant.
